Abstract: Rapidity-dependent transverse momentum spectra of negatively charged pions measured at different rapidities in proton-proton collisions at the Super Proton Synchrotron (SPS) at various energies within its Beam Energy Scan (BES) program are investigated by using one-and two-component standard distributions where the chemical potential and spin property of particles are implemented. The rapidity spectra are described by a doubleGaussian distribution. At the stage of kinetic freeze-out, the event patterns are structured by the scatter plots in the three-dimensional subspaces of velocity, momentum and rapidity. The results of the studies of the rapidityindependent transverse mass spectra measured at mid-rapidity in proton-proton collisions are compared with those based on the similar transverse mass spectra measured in the most central beryllium-beryllium, argon-scandium and lead-lead collisions from the SPS at its BES energies.
Introduction
The spectra of transverse momentum and (pseudo)rapidity of particles produced in high energy collisions are of high interest as soon as they provide us with an important information of the kinetic freeze-out state of the interacting system. The transverse momentum spectrum, characterizing the system developments in the transverse plane, is associated either with the effective temperature or with the freeze-out temperature, where the first contains contributions of thermal motion and flow effect, while the latter is believed to get the contribution of the thermal motion only. The rapidity spectrum characterizes the system development in the longitudinal direction and allows extracting such an important feature of the system as the rapidity shift and the width of the distribution. In the center-of-mass energy, ranging from a few GeV to above ten TeV, the highest nowadays collision energy available [1] [2] [3] [4] , the changing features of the transverse momentum and rapidity spectra bring crucial information about the changes in the particle production process.
To describe the transverse momentum and rapidity spectra, one can use different distributions under the assumption of isotropic emission in the transverse plane and consider rapidity shift in the longitudinal direction. The distributions for transverse momentum spectrum include, but are not limited to, the standard (FermiDirac, Bose-Einstein and Boltzmann) distribution [5] [6] [7] [8] , Tsallis distribution [8] [9] [10] [11] [12] [13] [14] [15] , Erlang distribution [15] , inverse power-law [16] [17] [18] , Schwinger mechanism [19] [20] [21] [22] , exponential function and blast-wave model [23] [24] [25] [26] . In some cases, one distribution has different forms or revisions. The distributions for rapidity spectrum includes mainly Gaussian [27] [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] , double-Gaussian and multi-Gaussian functions [38] [39] [40] , as well as Gaussianlike functional forms. From a few GeV to above ten TeV, it is expected that the interacting system undergoes different phase states and has different reaction mechanisms. One can use different distributions or the same distribution with different parameter values to describe the different spectra.
Based on the descriptions of transverse momentum and rapidity spectra, one can structure event patterns by using scatter plots of identified particles at the stage of kinetic freeze-out of interacting system. Our previous works [41] [42] [43] show that different kinds of particles present different scatter plots thus different event patterns. In particular, the event patterns displayed by the scatter plots of light and heavy flavor particles in three-dimensional velocity space are spherical and cylindrical respectively, which show an obvious difference in the shape and reflect different production mechanisms or stages. In addition, if we consider the effects of nonzero elliptic flow on the two spectra, more accurate event patterns can be obtained [44] . However, the effects of non-zero elliptic flow on the two spectra and event patterns are in fact very small. One can neglect non-zero elliptic flow in the case of describing the two spectra and structuring the event patterns.
In most cases, the transverse momentum spectra are measured at mid-rapidity or in the vicinity of a given rapidity only. These spectra then often applied at other rapidities which leads to the rapidity-independent spectra. These spectra have been used in our previous works [41] [42] [43] [44] leading to the event patterns being non-fine in this sense. Here, we are interested in the use of the rapidity-dependent spectra measured at different rapidities so structuring the fine event patterns. For a not wide transverse momentum spectrum (less than of ∼ 2-3 GeV), one can use either the standard distribution or the one combining two standard distributions ("twocomponent standard distribution") with different parameter values to describe the rapidity-dependent spectra. In the distributions, the chemical potential and spin property of considered particles can be included if the collision energy per nucleon in center-of-mass system is not too high (less than dozens of GeV). Generally, rapidity spectrum can be described by Gaussian, double-Gaussian, or even three-Gaussian distribution in our studies.
In this paper, rapidity-dependent double-differential transverse momentum spectra of negatively charged pions (π − ) measured at different rapidities and rapidity spectra of π − produced in proton-proton (pp) collisions at the Super Proton Synchrotron (SPS) at its Beam Energy Scan (BES) energies are investigated. Related parameters are extracted by fitting the experimental data of the NA61/SHINE Collaboration [45] and fine event patterns in pp collisions are structured by fine scatter plots of π − due to rapidity-dependent spectra being used. As a comparison, non-fine results extracted from the experimental transverse mass spectra at mid-rapidity and rapidity spectra of π − produced in pp collisions and central (0-5%) beryllium-beryllium (Be-Be), argon-scandium (Ar-Sc), as well as lead-lead (Pb-Pb) collisions at the SPS at its BES energies [46] [47] [48] [49] [50] are presented, where the transverse mass spectra at mid-rapidity are used for whole rapidity range. The transverse mass spectra used in the present work are rapidity-independent.
The model and method
As what we did in our recent work [44] , first of all, we structure a right-handed coordinate system and definite some variables before introducing the model and method. Let the collision point be the original O, one of the beam directions be the Oz axis and the reaction plane be the xOz plane. Thus, the transverse plane is the xOy plane, the Ox axis is along the impact parameter and the Oy axis is perpendicular to the xOz plane. Further, the velocity (momentum) components on the Ox, Oy and Oz axes are denoted by β x , β y and β z (p x , p y and p z ), respectively. According to rapidity Y defined generally by energy E and p z , one can define rapidity Y 1 by E and p x , as well as rapidity Y 2 by E and p y . Finally, the three-dimensional velocity (β x -β y -β z ), momentum (p x -p y -p z ) and rapidity (Y 1 -Y 2 -Y ) spaces are structured by us.
The model used in the present work is in fact a hybrid model. In consideration of different functions in descriptions of transverse momentum (p T ) or transverse mass (m T ) spectra of particles produced in soft process, we choose the standard distribution and its superposition if necessary. In description of Y spectrum of particles, we choose a double-Gaussian function. The center-of-mass energy range focused on in the present work is from 6.1 (6.3) to 16.8 (17. 3) GeV which is the SPS at its BES energies. In this energy range, the chemical potential and spin property of considered particles are included in our treatment on soft excitation process, and the contribution of hard scattering process can be neglected due to its nearly zero fraction.
The standard distribution has more than one forms. In the case of considering p T spectrum, we choose the probability density function [8] 
where N denotes the number of particles, C denotes the normalization constant, m T = p 2 T + m 2 0 and m 0 is the rest mass, Y min is the minimum Y and Y max is the maximum Y in the case of shifting the mid-value of Y to 0, µ is the chemical potential, T is the effective temperature and S = +1 and −1 correspond to fermions and bosons respectively. In particular, S = +1, −1 and 0 also correspond to Fermi-Dirac, Bose-Einstein and Boltzmann statistics, respectively. In the case of considering m T spectrum, we have the normalized standard distribution
Because of the similarity between expressions of f pT (p T , T ) and f mT (m T , T ), one can use directly parameters obtained from one function to another one. For wide p T (m T ) spectrum, a single standard distribution may not fit the data simultaneously in the low-p T and high-p T regions. This would require a combination of two or three standard distributions given the spectrum width. In the case of using the two-component standard distribution, we have to use two effective temperatures, T 1 and T 2 , for the first and second components respectively. Meanwhile, one relative fraction, k 1 , for the first component is needed. The two-component standard distribution is written to be
for m T spectrum. The effective temperature of interacting system is then obtained by
Generally, two-component standard distribution is enough to describe particle spectra in soft process. Three-or multi-standard distribution is not necessary.
In the above functions, µ should not be regarded as a free parameter due to its insensitivity to p T or m T spectrum. Instead, µ for particle type i, denoted by µ i , can be obtained from the ratio of negatively to positively charged particles. The following expression for µ i
is applied, which is shown [51] to well reproduce the ratio of negatively to positively charged particles (k i ) relating it with the chemical freeze-out temperature T ch within the thermal model [52] . A relation between the yield (n) and the mass (m) obtained in [53, 54] , leads to the ratio of the first to the second particles:
where S 1 (S 2 ) = ±1 denote fermions and bosons respectively. In central nucleus-nucleus collisions, an empirical expression for T ch is applied [55] [56] [57] [58] :
where √ s NN is the center-of-mass energy. Both the units of T ch and √ s NN in Eq. (7) are in GeV, though T ch and other temperatures appear in the units of MeV in many cases.
For Y spectrum, one can use the normalized symmetrical double-Gaussian function as used by the NA61/SHINE [45] and NA49 Collaborations [47, 48] . That is,
where δY and σ Y denote the rapidity shift and distribution width respectively. In the case of considering asymmetrical double-Gaussian function, we have to introduce the relative fraction of the first (or second) component. Meanwhile, the rapidity shifts and distribution widths for the two components are separately different from each other. The present work focuses on symmetrical or approximately symmetrical collisions. Eq. (8) is an appropriate treatment that is acceptable for us. The Monte Carlo distribution generating method is used below to obtain p T and m T sampled according to the above functions f pT (p T ) and f mT (m T ). Let R denotes the random number distributed evenly in [0, 1] . The values of p T can be obtained by (9) or, the values of m T can be obtained by
where δp T and δm T denote small shifts relative to p T and m T , respectively. Our initial target is to obtain p T . In the case of obtaining m T , we have p T = m 2 T − m 2 0 . Under the assumption of isotropic emission in the transverse plane, we have
and
respectively, where
denotes the azimuthal angle and R 0 denotes the random number distributed evenly in [0, 1] . Because of the assumption of isotropic emission in the transverse plane, p x and p y do not result in non-zero elliptic flow. As mentioned in the above section, the effects of non-zero elliptic flow on p T spectra, Y spectra and scatter plots of particles are very small and can be actually neglected [44] . Our assumption of isotropic emission in the transverse plane is acceptable. In the Monte Carlo method for the double-Gaussian function for Y spectrum, let R 1,2 denote the random numbers distributed evenly in [0, 1] . We have
in the calculation due to Y expressed as above obeying Gaussian function and the first component being Gaussian and similarly for the second component. The cos(2πR 2 ) in the above expression can be replaced by sin(2πR 2 ) [59] . In symmetrical collisions, the two components have the same relative fraction, i.e. 0.5. According to Y , we have
Further,
So far, the expressions of components in three-
The step-by-step calculations are made below, from Eq. (3) to Eqs. (17) (18) (19) (20) (21) , to obtain the event patterns in the three-dimensional
3 Results and discussion Figure 1 shows the rapidity-dependent p T spectra, (d 2 n)/(dY dp T ), of π (5) and (6) and ref. [60] where n K and n π are available to read out from a table, are listed in Table 1 with n K /n π . The values of free parameters (T 1 , T 2 and k 1 ), derivative parameter (T ), normalization constant (N pT ), as well as χ 2 and degree of freedom (dof) in terms of χ 2 /dof are listed in Table 2 . One can see that the (two-component) standard distribution describes well the NA61/SHINE experimental p T spectra of π − measured at different Y in pp collisions at the SPS at its BES energies. With increasing Y and √ s NN , the parameters show some features discussed below. Figure 2 shows the Be and Ar-Sc collisions are neglected. The symbols represent the experimental data of the NA61/SHINE [46] and NA49 Collaborations [47, 48] . The curves are the fits of (two-component) standard distribution. The values of µ π and k π in central Pb-Pb collisions, based on Eqs. (5) and (7) and ref. [61] where k π is available to read out from a plot, are listed in Table 1 . The values of µ π in central Be-Be and Ar-Sc collisions are taken to be 0 due to k π being not available and µ π having small effect on π spectra. The values of T 1 , T 2 , k 1 , T , normalization constant (N mT ) and χ 2 /dof are listed in Table 3 . One can see that the (two-component) standard distribution describes well the NA61/SHINE and NA49 experimental m T spectra of π − measured in different collisions at the SPS at its BES energies. With increasing system size (A) and √ s NN , where A denotes the total nucleon number of projectile and target nuclei, the parameters show some features discussed below. [45] and the curves are the fits of (two-component) standard distribution. The parameters are listed in Table 2 .
five momenta with little variations marked in the panels. The values of √ s NN corresponding to different momenta are given in the just above. The closed symbols represent the experimental data of the NA61/SHINE [45, 49, 50] and NA49 Collaborations [47, 48] and the open ones are reflected at y = 0 [45, [47] [48] [49] [50] . The curves are the fits of double-Gaussian functions performed in refs. [45, 47, 48] Tables 2 and 4 (Tables 3 and 4) , the Monte Carlo calculation can be performed and a series of values of some kinematical quantities can be obtained. According to these kinematical quantities, some scatter plots of π − at the kinetic freeze-out can be structured. These scatter plots are in fact the event patterns at the last stage of collision process in the interacting system. Some characteristic examples of the scatter plots are shown in Figs. 4 to 6. Figure 4 shows a few scatter plots in pp and nucleus- Table 1 . Values of T ch and µπ obtained from Eqs. (5) and (6) (or (7)) in pp (or central Pb-Pb) collisions at different √ sNN with different nK /nπ (or kπ) read out from a table (or plot) in ref. [60] (or [61] [47, 48] . The symbols represent the experimental data of the NA61/SHINE [46] and NA49 Collaborations [47, 48] and the curves are the fits of (two-component) standard distribution. The parameters are listed in Table 3 . Table 2 . Values of free parameters (T1, T2 and k1), derivative parameter (T ), normalization constant (Np T ) and χ 2 /dof for the curves fitted the rapidity-dependent pT spectra in Fig. 1 . central Pb-Pb collisions [47, 48] at different momenta marked in the panels. The closed symbols represent the experimental data of the NA61/SHINE [45, 49, 50] and NA49 Collaborations [47, 48] and the open ones are reflected at y = 0 [45, [47] [48] [49] [50] .
The curves are the fits of double-Gaussian functions performed in refs. [45, 47, 48] for pp and central Pb-Pb collisions or by us for central Be-Be and Ar-Sc collisions. The fit parameters are given in Table 4 . nucleus collisions in β x -β y -β z space. The values of rootmean-squares β 2 x for β x , β 2 y for β y and β 2 z for β z , as well as the maximum |β x |, |β y | and |β z | (i.e. |β x | max , |β y | max and |β z | max ) for various systems and energies are listed in Table 5 . One can see that both the event patterns in β x -β y -β z space obtained from the rapiditydependent and rapidity-independent spectra in pp collisions are spherical, though β 2 x,y ( β 2 z ) in fine event pattern is equal to or larger (less) than that in nonfine event pattern. From pp to central Pb-Pb collisions, there is no obvious change in the non-fine event patterns. However, with increase of √ s NN , the size in transverse plane decreases and that in longitudinal direction increases.
In Fig. 5 , the scatter plots in p x -p y -p z space are shown for the same collisions as in Fig. 4 . The values of root-mean-squares p 2 x for p x , p 2 y for p y and p 2 z for p z , as well as the maximum |p x |, |p y | and |p z | (i.e. |p x | max , |p y | max and |p z | max ) for various systems and energies are listed in Table 6 . One can see that both the event patterns in p x -p y -p z space obtained from the rapidity-dependent and rapidity-independent spectra in pp collisions are rough cylindrical, though the size of fine event pattern is smaller than that of non-fine event patterns. From pp to central Pb-Pb collisions, there is no obvious change in the size of non-fine event patterns. With increase of √ s NN , the size in transverse plane does not change obviously, and that in longitudinal direction increases obviously. Table 5 . Values of the root-mean-squares β 2 x for βx, β 2 y for βy and β 2 z for βz, and the maximum |βx|, |βy| and |βz| (|βx|max, |βy|max and |βz|max) corresponding to the scatter plots for different collisions (see examples in Fig. 4 ). Both the root-mean-squares and the maximum velocity components are in the units of c. Table 6 . Values of the root-mean-squares p 2 x for px, p 2 y for py and p 2 z for pz, and the maximum |px|, |py| and |pz| (|px|max, |py|max and |pz|max) corresponding to the scatter plots for different collisions (see examples in Fig. 5 ). All the root-mean-squares and the maximum momentum components are in the units of GeV/c. and T increase, k 1 decreases, and δY and σ Y increase.
The observed dependencies of the parameters can be treated as follows in the sense of possible scenarios of the particle production process.
The observations in Fig. 7 , namely the increase of the temperature parameters T 1 , T 2 , and then the increase of the effective temperature T being their combination, with decrease of the rapidity Y can be explained by an increase of the excitation energy due to the increasing energy deposition by the system as one moves from the large absolute rapidities (above unity, the forward rapidity region) to the lower ones (central region). In the forward rapidity region it is natural to assume the particles having a shorter mean-free path as less energy is deposited, while in the central rapidity region, the particles can be considered to scatter with larger mean-free path as getting larger excitation energy. This picture can be associated with the liquid-like state in the former case against the gas-like state in the latter one. Within this consideration, the first component characterized by T 1 temperature can be assigned to the liquid-like state, and the second component with T 2 temperature to the gas-like state. Then, the temperature of a phase transition from the liquid-like state to the gas-like one gets 115 MeV (see Fig. 7 (a)) with no flow effect being excluded. This also makes it understandable the T 1 parameter to be of a constant value as one reaching a critical temperature value. One however should note that in the central rapidity region, the mixture of the gas-like and liquid-like states is expected, as it is seen from the T -parameter behavior.
The system-size dependences shown in Fig. 8 find their following explanations. For the liquid-like state, one expects lower temperature in larger systems due to the energy loss, as it is observed in Fig. 8(a) . On the contrary, for the gas-like component, more energy depo- sition should be expected in large system due to nuclear stopping and hence higher temperature as it is seen in Fig. 8(b) .
The behavior of the effective temperature parameter T is a combination of the contributions of T 1 , T 2 and the rate k 1 . From Figs. 7 and 8 , one can see that T increases and k 1 decreases as one moves from the forward region to the central one and as the collision energy and the system size increase. These dependences can be explained by the general increase of the energy deposition. Let us remind that the T is the effective temperature which means it does not exclude the particle-flow effect. As soon as one excludes the flow effect, the lower temperature value can be obtained characterizing the interacting system a freeze-out, the so-called freeze-out temperature.
The dependences observed in Fig. 9 can be treated as the following features of the particle production process. Assuming the binary nucleon-nucleon collisions being the main internal process not only in small system as pp but also in such a large system as Pb-Pb is, the rapidity shift independence of the system size is expected as it is generally confirmed by the observation in Fig. 9 . In the meantime, the increase of the rapidity shift with the collision energy would be naturally explained by the increase of the penetrating power.
It should be noted that the functions used in the above discussions are only one choice to fit the experimental p T or m T and Y spectra. One can also choose other functions to fit the same experimental spectra and to obtain properties of other parameters. One can consider the Tsallis distribution to fit the transverse spectra as widely used, see e.g. ref. [8] . However, the effective temperature considered in the present work and one used in the Tsallis approach cannot be compared directly as being different parameters. 
Conclusions
We summarize here our main observations and conclusions.
(a) We have used the hybrid model to fit the p T or m T and Y spectra of π − produced in pp and central Be-Be, Ar-Sc, as well as Pb-Pb collisions at the SPS at its BES energies which cover an energy range from 6.1 to 17.3 GeV. For the p T or m T spectra, the (twocomponent) standard distribution is used. For the Y spectra, the double-Gaussian distribution is used. The model results are in good agreement with the experimental data of the NA61/SHINE and NA49 Collaborations. All parameter values and event patterns extracted from the fits reflect the properties of interaction system at the stage of kinetic freeze-out.
(b) The extracted parameters show abundant features. In pp collisions, the distribution first component effective temperature T 1 does not change in central rapidity region and decreases in forward rapidity region, the distribution second component effective temperature T 2 and the combined effective temperature T decrease, and the fraction parameter k 1 increases with increase of Y . From pp to central Pb-Pb collisions, T 1 decreases, T 2 increases and then saturates, T increases slightly, k 1 decreases, and δY and σ Y do not change obviously. Meanwhile, with increase of √ s NN , T 1 does not change in central rapidity region and increases in forward rapidity region (or T 1 increases slightly), T 2 and T increase, k 1 decreases, and δY and σ Y increase.
(c) The two types of event patterns are extracted in pp collisions. The fine patterns are extracted from the p T spectra which depend on rapidity, and the other, non-fine patterns are from the rapidity-independent m T spectra which is only measured at mid-rapidity. Both the event patterns in β x -β y -β z space are spherical, though β 2 x,y ( β 2 z ) in fine event pattern is equal to or larger (less) than that in non-fine event pattern. Both the event patterns in p x -p y -p z space are rough cylindrical, though the size of fine event pattern is less than that of non-fine event patterns. Both the event patterns in Y 1 -Y 2 -Y space are rough rhombohedral, though the size of fine event pattern in transverse plane is larger than that of non-fine event patterns.
(d) From pp to central Pb-Pb collisions, there is no obvious change in the shape and size of non-fine event patterns. With increase of √ s NN , in both the three-dimensional velocity and rapidity spaces, the size of event pattern in transverse plane decreases and that in longitudinal direction increases. Meanwhile, in the three-dimensional momentum space, the size of event pattern in transverse plane does not change obviously, and that in longitudinal direction increases obviously. These observations are useful in the understanding of particle production in different types of collisions such as the collisions at the BES at the Relativistic Heavy Ion Collider.
